Current experimental data allow the zero value for one neutrino mass, either m 1 = 0 or m 3 = 0. This observation implies that a realistic neutrino mass texture can be established by starting from the limit (a) m 1 = m 2 = 0 and m 3 = 0 or (b) m 1 = m 2 = 0 and m 3 = 0. In both cases, we may introduce a particular perturbation which ensures the resultant neutrino mixing matrix to be the tri-bimaximal mixing pattern or its viable variations with all entries being formed from small integers and their square roots. We illustrate that such neutrino mass matrices can easily be derived from the minimal seesaw model with two heavy right-handed Majorana neutrinos. We also point out a simple possibility of generalizing this phenomenological ansatz to obtain sin 2 2θ 13 ≈ 2m e /m µ ≈ 0.01 and leptonic CP violation.
1 Recent solar [1] , atmospheric [2] , reactor [3] and accelerator [4] neutrino experiments have convincingly verified the hypothesis of neutrino oscillation, a quantum phenomenon which can naturally happen if neutrinos are slightly massive and lepton flavors are not conserved. The mixing of lepton flavors is described by a 3 × 3 unitary matrix V , whose nine elements are commonly parameterized in terms of three rotation angles (θ 12 , θ 23 , θ 13 ) and three CP-violating phases (δ, ρ, σ) [5] . The phase parameters ρ and σ, which have nothing to do with CP violation in neutrino oscillations, are usually referred as to the Majorana phases. A global analysis of current neutrino oscillation data yields 30
• < θ 12 < 38
• , 36
• < θ 23 < 54
• and θ 13 < 10 • at the 99% confidence level [6] , but three phases of V remain entirely unconstrained. While the absolute mass scale of three neutrinos is not yet fixed, their two mass-squared differences have already been determined to a good degree of accuracy [6] : ∆m , the magnitude of θ 13 and even the CP-violating phase δ. From a phenomenological point of view, at least two lessons can be learnt from current experimental data:
• The lightest neutrino is allowed to be massless; i.e., either m 1 = 0 (normal neutrino mass hierarchy) or m 3 = 0 (inverted neutrino mass hierarchy) has no conflict with the present neutrino oscillation measurements. In both cases, the non-vanishing neutrino masses can be determined in terms of ∆m 
Whether one of the above two neutrino mass spectra is true or essentially true remains an open question. But we stress that some interesting neutrino models, such as the minimal seesaw model [7] , are actually able to predict the neutrino mass spectrum with either m 1 = 0 or m 3 = 0.
• A special neutrino mixing pattern, the so-called tri-bimaximal mixing [8] ,
is particularly favored. It yields tan θ 12 = 1/ √ 2 (or θ 12 ≈ 35.3
• ) for the large-mixingangle MSW solution [9] to the solar neutrino problem, tan θ 23 = 1 (or θ 23 = 45
• ) for the atmospheric neutrino oscillation, and θ 13 = ρ = σ = 0
• . As a direct consequence of θ 13 = 0
• , the CP-violating phase δ is not well defined. This interesting neutrino mixing pattern is in general expected to result from an underlying flavor symmetry (e.g., the discrete A 4 [10] , S 3 [11] or µ-τ [12] symmetry) in the lepton sector. Such a symmetry must be broken spontaneously or explicitly, in order to account for both the observed lepton mass spectra and the realistic neutrino mixing pattern.
The main purpose of this paper is just to combine both lessons and reconstruct the simplest neutrino mass texture for either m 1 = 0 or m 3 = 0.
Looking back to Eqs. (1) and (2), we find that m 1 ≪ m 2 ≪ m 3 and m 3 ≪ m 1 ≈ m 2 hold in the m 1 = 0 and m 3 = 0 cases, respectively. This observation implies that a realistic neutrino mass texture can be established by starting from the symmetry limit (a) m 1 = m 2 = 0 and m 3 = 0 or (b) m 1 = m 2 = 0 and m 3 = 0. We show that it is possible to introduce a particular perturbation, which ensures the resultant neutrino mixing matrix to be the tribimaximal mixing pattern or its viable variations with all entries being formed from small integers and their square roots. We illustrate that such neutrino mass matrices can a priori be derived from the minimal seesaw model with two heavy right-handed Majorana neutrinos. We also point out a simple possibility of generalizing this phenomenological ansatz to obtain sin 2 2θ 13 ≈ 2m e /m µ ≈ 0.01 and leptonic CP violation.
2 Let us work in the basis where the flavor eigenstates of three charged leptons are identified with their mass eigenstates (i.e., the charged-lepton mass matrix M l is diagonal, real and positive). Then the mass eigenstates of three neutrinos (ν 1 , ν 2 , ν 3 ) are directly linked to their flavor eigenstates (ν e , ν µ , ν τ ) through the neutrino mixing matrix V . If V is of the tri-bimaximal mixing pattern as given in Eq. (3), it can be decomposed into a product of two Euler rotation matrices:
Our strategy of reconstructing the neutrino mass matrix M ν is three-fold: (1) we take a proper symmetry limit of M ν , denoted as M (0) ν , which can be diagonalized by the orthogonal transformation O 23 ; (2) In the m 1 = 0 case, we observe from Eq. (1) that m 2 ≪ m 3 holds. Hence a reasonable symmetry limit of M ν is expected to be
The S 2 permutation symmetry in the (2, 3) sector of M
ν assures that this mass matrix can be diagonalized by the O 23 transformation:
In other words, m 3 = 2c and m 2 = m 1 = 0 hold in the chosen symmetry limit. A nonvanishing value of m 2 and the tri-bimaximal neutrino mixing can result from the perturbation
where ε is a small dimensionless quantity. It is obvious that ∆M ν has the S 2 permutation symmetry in its (1, 2) sector, and the diagonalization
works. The neutrino mass matrix
can then be diagonalized by the tri-bimaximal mixing matrix V = O 23 O 12 :
Three neutrino mass eigenvalues of M ν turn out to be m 1 = 0, m 2 = 3cε and m 3 = 2c. Taking account of Eq. (1), we immediately obtain the results c = m 3 /2 ≈ 2.55 × 10 −2 eV and ε = 2m 2 / (3m 3 ) ≈ 1.16 × 10 −1 .
B. The texture of M ν with m 3 = 0
In the m 3 = 0 case, we observe from Eq. (2) that m 1 ≈ m 2 holds. Thus a reasonable symmetry limit of M ν is expected to be
This neutrino mass matrix can also be diagonalized by the O 23 transformation:
Namely, m 1 = m 2 = 2c and m 3 = 0 hold in the chosen symmetry limit. To break the degeneracy of m 1 and m 2 , we may introduce the same perturbation to M (0) ν as that given in Eq. (7), which can be diagonalized by the same transformation as that shown in Eq. (8) . It is then possible to diagonalize the neutrino mass matrix
by using the tri-bimaximal mixing matrix V = O 23 O 12 :
In this case, three neutrino mass eigenvalues of M ν are m 1 = 2c, m 2 = 2c (1 + 3ε/2) and m 3 = 0. With the help of Eq. (2), one may easily arrive at c = m 1 /2 ≈ 2.45 × 10 −2 eV and
3 Although the tri-bimaximal neutrino mixing pattern is of great interest, it is by no means unique in describing current neutrino oscillation data. Hence we may go beyond this pattern by considering its viable variations. Namely, we pay interest to such a category of neutrino mixing matrices V ′ : the entries of V ′ are all formed from small integers and their square roots, which are often suggestive of a certain flavor symmetry in the language of group theories. To be realistic, however, the form of V ′ under consideration must be close to the tri-bimaximal mixing pattern V . It is therefore reasonable to follow a procedure similar to the one used to get M ν in Eq. (9) with m 1 = 0 or in Eq. (13) with m 3 = 0.
We find that the simplest and most instructive way is to keep M (0) ν given in Eq. (5) or Eq. (11) unchanged but generalize ∆M ν in Eq. (7) to the following form:
where x is a positive number of O(1). 
where O 23 has been given in Eq. (4) and
When x = 1 is taken, we obtain O In this case,
One may diagonalize M ′ ν by means of
Thus three neutrino masses are given by m 1 = 0, m 2 = (2 + x 2 )cε and m 3 = 2c. Once Eq. (1) is taken into account, one may immediately obtain c = m 3 /2 ≈ 2.55 × 10 −2 eV and
B. The texture of M ′ ν with m 3 = 0
In a similar way, we have
This matrix can be diagonalized by using 
. In both cases, the neutrino mixing matrix
It is obvious that V ′ = V takes the tri-bimaximal mixing pattern for x = 1. The allowed range of x can be determined from that of θ 12 through the relationship x = √ 2 tan θ 12 . In view of 30
• < θ 12 < 38 • , which is obtained from a global analysis of current neutrino oscillation data [6] , we easily arrive at 0.82 < ∼ x < ∼ 1.10. We see that the possibility of x = √ 2, which leads V ′ to the "so-called" bimaximal neutrino mixing, has clearly been excluded. On the other hand, x = 1 seems to be the simplest and most favorable possibility.
Within the allowed range of x, however, it is not difficult to find out some viable variations of the tri-bimaximal neutrino mixing pattern. Below are three examples:
• x = √ 6/3, corresponding to θ 12 = 30
• and
• x = √ 3/2, corresponding to θ 12 ≈ 31.5
• x = 2 √ 2/3, corresponding to θ 12 ≈ 33.7
We see that the form of V ′ in Eq. (23) is particularly interesting, because all of its nine elements are formed from four smallest integers 0, 1, 2, 3 and their square roots. This neutrino mixing pattern has actually been discussed in Ref. [13] . can a priori be derived from the minimal seesaw model [7] , a canonical extension of the standard model with only two heavy right-handed Majorana neutrinos. The neutrino mass term in the minimal seesaw model is written as
where ν L and N R denote the column vectors of (ν e , ν µ , ν τ ) L and (N 1 , N 2 ) R fields, respectively. Provided the mass scale of M R is considerably higher than that of M D , one may obtain the effective (left-handed) Majorana neutrino mass matrix M ′ ν from Eq. (26) via the well-known seesaw mechanism [14] : 
The texture of M ′ ν in Eq. (20) can similarly be reproduced through the seesaw relation if M D takes the form
where
Given c ∼ 2.5 × 10 −2 eV and √ cM 0 ∼ 174 GeV (i.e., the mass scale of M D is around the energy scale of electroweak symmetry breaking), the mass scale of two right-handed Majorana neutrinos turns out to be M 0 ∼ 1.2 × 10 15 GeV, which is quite close to the energy scale of grand unified theories Λ GUT ∼ 10 16 GeV. Let us remark the textures of M D and M R taken above are by no means unique, but they may serve as a good example to illustrate how the seesaw mechanism works to give rise to M ′ ν in the minimal seesaw model. Note that we have chosen the flavor basis in which the charged lepton mass matrix M l is diagonal, real and positive. If M l is taken to be non-diagonal but M ν keeps to be of the form in Eq. (9) or Eq. (13), however, the resultant neutrino mixing matrixṼ will deviate from the tri-bimaximal mixing pattern given in Eq. (3). Non-vanishing θ 13 and δ, which are of great interest in neutrino phenomenology, can therefore be obtained from such a simple way. To illustrate, we simply assume
where A = m τ , B = m µ − m e and C = √ m e m µ e iφ [16] . The diagonalization of Hermitian
where c l ≡ cos θ l and s l ≡ sin θ l e iφ with θ l being given by tan(2θ l ) = 2 √ m e m µ /(m µ − m e ).
The neutrino mixing matrixṼ turns out to bẽ • is actually negligible in fitting current neutrino oscillation data.
3. The Jarlskog invariant of leptonic CP violation [19] is given by J l = c l |s l | sin φ/6 ≈ 1.2 × 10 −2 sin φ. Hence |J | can reach the percent level for φ ∼ ±90
• . Such a CPviolating signal might be observed in the long-baseline neutrino oscillation experiments.
In an analogous way, one may combine M l in Eq. (30) and M ′ ν in Eq. (18) or Eq. (20) to get the neutrino mixing matrixṼ ′ = U † l V ′ . The consequences ofṼ ′ is expected to be very similar to those ofṼ , simply because V ′ is a viable variation of the tri-bimaximal neutrino mixing pattern V .
5 In summary, we have proposed a new category of neutrino mass ansätze by starting from a combination of two phenomenological observations: (1) the lightest neutrino mass might be zero or vanishingly small, and (2) the neutrino mixing matrix might be the tribimaximal mixing pattern or a pattern close to it. We have shown that a realistic neutrino mass texture can be established either in the limit of m 1 = m 2 = 0 and m 3 = 0 or in the limit of m 1 = m 2 = 0 and m 3 = 0, corresponding to the possibility of m 1 = 0 or m 3 = 0. In both cases, it is possible to introduce a particular perturbation which ensures the resultant neutrino mixing matrix to be the tri-bimaximal mixing pattern or its viable variations with all entries being formed from small integers and their square roots. We have illustrated that such neutrino mass matrices can easily be derived from the minimal seesaw model with two heavy right-handed Majorana neutrinos. We have also pointed out a simple way to generalize our scenarios so as to obtain non-vanishing θ 13 and leptonic CP violation.
Finally let us remark that both the neutrino mass spectrum and the flavor mixing angles are well fixed in the proposed ansätze. It is therefore easy to test them in the near future, when more accurate experimental data are available.
